The recently proposed effective potential theory [Phys. Rev. Lett. 110, 235001 (2013)] is used to investigate the influence of coupling on inter-ion-species diffusion and momentum exchange in multi-component plasmas. Thermo-diffusion and the thermal force are found to diminish rapidly as strong coupling onsets. For the same coupling parameters, the dynamic friction coefficient is found to tend to unity. These results provide an impetus for addressing the role of coupling on diffusive processes in inertial confinement fusion experiments.
I. INTRODUCTION
Transport effects associated with multiple ion species have recently been attracting much attention in inertial confinement fusion (ICF). In particular, it has been suggested that strong background gradients introduced during the implosion can separate fusion fuel constituents, resulting in yield degradation [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] . The same ion diffusion mechanisms that govern species separation in the fuel underlie mixing at the shell/fuel interface [14] [15] [16] [17] [18] [19] [20] , as well as at the inner boundary of the hohlraum [21] . In turn, describing these mix phenomena is often regarded as a crucial challenge faced by the ICF program.
The present paper provides a physics insight into how the basic diffusion mechanisms and closely related momentum exchange can be affected by ion coupling. Our earlier work on ion diffusion in weakly coupled plasmas has found that thermo-diffusivity is comparable to barodiffusivity in low-Z mixtures and much larger than barodiffusivity in low-Z/high-Z mixtures [7] . This finding came in contrast to what had been known from the conventional theory of neutral gas mixtures, in which thermo-diffusion is usually much less significant than baro-diffusion [22] . Subsequent work [23, 24] gave identical prediction [25, 26] . However, during the course of an implosion, the fuel plasma of hydrogen and helium isotopes can become sufficiently dense that ion correlations can influence transport rates. Interfacial plasmas involve dense high-Z components such as carbon or silicon ions from the ablator, or gold or uranium ions from the hohlraum wall, and are also very likely to be strongly coupled.
On the one hand, the finite coupling can result in the ideal gas equation-of-state being inadequate for inertially confined plasmas, thus noticeably affecting the implosion performance [27] . On the other hand, it greatly complicates the physics behind the transport properties as the particle collisions can no longer be considered binary [28, 29] . To describe evolution of relative species * E-mail: kagan@lanl.gov concentrations during the implosion one needs a full set of hydrodynamic equations with appropriate transport fluxes. In turn, developing such a framework requires both thermodynamic and kinetic analyses.
Here we present the kinetic analysis of the momentum exchange in a binary ionic mixture with electrons providing neutralizing background. We utilize the recently proposed effective potential theory (EPT) [30, 31] , which models many-body correlation effects by treating binary interactions as occurring via the potential of mean force in place of the screened, Debye-Hückel potential. Our study indicates that with substantial coupling the thermal force, and therefore thermo-diffusion, rapidly diminishes, making it similar to the conventional case of a neutral gas mixture [22] . These results motivate a need to investigate further the influence of strong coupling on diffusive processes in ICF.
A physical interpretation for the above finding can be suggested by recalling that thermo-diffusion arrises due to the deviation of a species distribution function away from Maxwellian [32] [33] [34] . Since the collision rate is low in weakly coupled plasmas, the distribution functions are easily perturbed by thermodynamic forces. Consequently, the thermo-diffusion rate is often of comparable importance with the other diffusive processes. In contrast, as strong coupling onsets the Coulomb collision frequency approaches a significant fraction of the plasma frequency [30] . The plasma frequency, in turn, defines the fastest timescale for collective particle dynamics. Thus, the plasma becomes so collisional that thermodynamic forces cannot deviate the distributions from Maxwellian substantially, causing thermo-diffusion to diminish. This interpretation is supported by considering the other diffusion-relevant transport quantity, dynamic friction, which counteracts species separation. In gases, the friction between two species can usually be evaluated by considering two Maxwellian distributions drifting with respect to each other, whereas in the weakly coupled plasma higher order corrections to Maxwellian are known to give an order unity contribution [35] . One consequence of this complication is that all ion species are intertwined: the friction between two given species is influenced not only by the inter-species but also by intra-species colli-sions. Furthermore, in a plasma with three and more ion species, the friction between two given species would depend not only on these species' thermodynamic states, but also on the states of all other ion species. In agreement with the logic of the preceding paragraph, this feature is found to disappear for coupling parameter Γ 1. On the other hand, for such Γ, the species are intertwined at a deeper level since the effective interaction potential, and therefore collision frequency, between and within two ion species depend on other species present in the plasma. The case of small, though finite, Γ is thus the most complex from the transport point of view as both of the above mechanisms are generally at play.
In the section to follow we present EPT based evaluation of the inter-ion-species transport in a plasma with two ion species. Then, in Section III, we discuss physical interpretations and practical implications for ICF of the obtained results.
II. EVALUATION OF THE TRANSPORT COEFFICIENTS
We consider a plasma with two ion species with the ion charges Z 1 and Z 2 , ion masses m 1 and m 2 , number densities n 1 and n 2 , and mass densities ρ 1 and ρ 2 , where subscripts "1" and "2" denote the light and heavy ion species, respectively. There is only one independent ion concentration, so we will operate with the light species mass fraction c = ρ 1 /ρ, where ρ = ρ 1 + ρ 2 is the total mass density. Similarly, there is only one independent ordinary diffusion coefficient and one independent thermo-diffusion coefficient, so for definitiveness we will be considering D 12 and D (T )
1 . Notation and transport formulas for the general N -ion-species case can be found in literature [32-34, 36, 37] and, for this paper to be selfcontained, are also summarized in the Appendix A in the form convenient for practical use.
The leading order approximation to the ordinary diffusion coefficient [D 12 ] 1 physically corresponds to the situation where the two diffusing species are described by Maxwellian distributions drifting with respect to each other. The mathematical expression can be found in earlier works [32] [33] [34] as well as retrieved from Eq. (A1) of the Appendix A by setting ξ = 1:
where n i = n 1 + n 2 is the total number density of the ion species, k B is the Boltzmann constant, and the collision frequency between plasma species α and β is defined by
In Eq. (2), µ αβ = m α m β /(m α + m β ) is the reduced mass and γ αβ = γ α γ β /(γ α + γ β ) with γ α ≡ m α /(k B T α ) and T 1 = T 2 ≡ T i need to be set for ion species with comparable masses. Finally, Ξ αβ ≡ Ξ
(1,1) αβ is the lowest order generalized Coulomb logarithm, which was introduced in Ref. [30] . Equation (2) reduces to the familiar expression in the weakly coupled limit, in which Ξ αβ becomes the conventional Coulomb logarithm ln Λ [38] .
In expression (1), particle collisions manifest themselves solely through the inter-species collision frequency ν 12 . The more non-trivial collisional effects appear in higher order approximations to the ordinary diffusion coefficient. These account for the deviation of the species' distribution functions from Maxwellian, which is established through the interplay between the inter-and intraspecies collisions. To quantify the resulting correction to the ordinary diffusion coefficient we introduce
so the full diffusion coefficient can be written as
Thermo-diffusion is conveniently quantified with
To elucidate the physics behind the dimensionless parameters A 12 and B (i) 1 , it is useful to write the fluid momentum conservation equations for each ion species. Then it can be shown that in order to recover the thermodynamic expression for the diffusive flux [39] , the rate of the collisional momentum exchange between the two ion species must take the form [6] 
where the first and second terms on the right side are referred to as the dynamic friction and the ion-ion thermal force, respectively, and u α stands for the fluid velocity of species α. Eqs. (3) and (5) on the one hand and Eq. (6) on the other show the close connection between the momentum exchange and diffusion. This will be used for both developing physics understanding of the basic trends in the diffusion coefficients and quantifying these trends through the dimensionless parameters A 12 and B (i) 1 . We notice here that a recent study applying EPT to ordinary diffusion [40] concluded that the higher order corrections to D 12 are small, which in our terms would mean that A 12 is identically equal to one. Likely, this is because this reference concentrated on the strongly coupled regime only, thus not considering the physics of the transition between the weakly and strongly coupled regimes.
We now proceed to evaluation of A 12 and B
1 using EPT. The generalized Coulomb logarithms are computed as described in [30] :
is the momentum transfer cross section, and
is the scattering angle. Here,
) is a defined reference cross section.
The input to the theory is the interaction potential, φ αβ in Eq. (9), which is taken to be the potential of mean force. The potential of mean force is obtained by taking two particles at fixed positions and averaging over the positions of all other particles in the system. At equilibrium, it is related to the radial distribution function as g αβ (r) = exp(−φ αβ (r)/k B T ). Here, we use the hypernetted chain (HNC) approximation to model the radial distribution function [41] :
where
Once the generalized Coulomb logarithms are calculated Eqs. (A1)-(A2) along with Eqs. (A4)-(A17) are employed to recover the coefficients of interest. For a mixture of a given set of ion species, they generally depend on the relative species concentrations and the Coulomb coupling parameter
where a ≡ (4πn i /3) −1/3 . It should be noted that this definition does not include the charge numbers, so in the one component plasma (OCP) the standard coupling parameter Γ α is recovered through Γ α = Z 2 α Γ. Also, for the purpose of demonstration, the ion species are assumed fully ionized. Finally, unless otherwise specified, the transport coefficients are calculated in the third order Chapman-Enskog approximation (ξ = 3) by utilizing the matrix elements from Appendix A 2.
It should be noted that the transport coefficients being discussed here have, in general, a non-unity thermodynamic prefactor [42] that we do not include. Recent refinement of the EPT theory based on Enskog's equation [43] can be applied to model these terms using the expressions from Ref. [44] , but resulting changes in transport coefficients are insignificant over the range of coupling strengths being discussed here. We also notice that the diffusion coefficients D 12 and D We first consider DT, which is the most common choice for the fusion fuel.In cryogenic ICF implosions the DT fuel can be weakly coupled as well as strongly coupled with Γ ∼ 6 [45] . In isotopic mixtures, all the effective interaction potentials between and within any ion species are equal and the generalized Coulomb logarithms depend on Γ only, Ξ
αβ (Γ). For the DT case it is therefore given by the same function as in the onecomponent plasma model for hydrogen considered in our earlier work [30] .
The resulting dynamic friction and the ion-ion thermal force coefficients are shown in Fig. 1 . It should first be observed that, as Γ approaches 10, A 12 tends to unity, while B (i) 1 rapidly diminishes. Hence, with substantial coupling the intuitive expression for the dynamic friction between two ion species R (u) 12 = µ 12 ν 12 n 1 ( u 2 − u 1 ) becomes precise. From the diffusion perspective, it means that the ordinary diffusion coefficient D 12 can be obtained readily from Eq. (1) once the inter-species collision frequency ν 12 is known.
As discussed earlier, an A 12 (c) differing from unity arrises from higher order corrections to the distribution function. The observed trend in A 12 is thus indicative of the role of these corrections being diminished by the ion-ion correlations. This interpretation is supported by the fact that the A 12 saturation to unity takes place at the same coupling parameters as vanishing of the thermal force, which is an inherently higher order transport phenomenon [32] [33] [34] . Although according to Fig. 1 the absolute value of B (i) 1 starts growing after reaching 0, it remains much smaller than in the weakly coupled case. Moreover, this trend is only observed for Γ 30 where the effective potential theory becomes invalid [30] .
Weakly asymmetric mixture with different ion charge numbers
When the charge numbers of the ion components differ, the effective interaction potential depends on the concentration as well as Γ, i.e. Ξ contribute to the ion transport; e.g. for evaluating interion-species transport in a binary mixture of species "1" and "2" one needs to know not only Ξ coalesce in the weakly coupled limit, in which the conventional Coulomb logarithm can be used for all types of collisions.
According to Fig. 3 , the dynamic friction and thermal force coefficients show the same general trends as recovered earlier for the DT mixture: A 12 tends to 1 and B (i) 1 vanishes, respectively, as the coupling parameter becomes of order unity. As in the DT case, it means that with order unity coupling the classical diffusion coefficient no longer has a non-trivial dependence on the concentration when expressed in terms of the interspecies collision frequency. However, unlike the case of the species with equal charge numbers, the non-trivial dependence on the concentration now appears in the collision frequency through the Coulomb logarithm Ξ 
Strongly asymmetric mixture
Finally, to gain an insight into diffusion at the low-Z/high-Z interfaces we consider the mixture of species with largely disparate masses and charge numbers such as DKr, in which the concentration dependence is expected to be even more pronounced. We first plot the lowest order generalized Coulomb logarithms in Fig. 4 . It should be observed that we are able to evaluate Ξ (l,k) αβ up to Γ ∼ 0.5 × 10 −1 only, i.e. a coupling strength of Kr Z 2 Γ ≈ 60, beyond which the EPT is not expected to be accurate.
One interesting feature is that when the Kr becomes strongly coupled it has a significant influence on the DD effective potential, leading to a flattening of the DD generalized Coulomb logarithm Ξ (1, 1) 11 . This behavior was not observed for lower-Z mixtures. It is also not observed for the case where Kr number fraction is only 
B (i)
1 do not saturate fully to 1 and 0, respectively, over the Γ range accessible with EPT. To confirm that the qualitative results found here for the weakly asymmetric mixtures remain intact in the strongly asymmetric case, one would need to use a different approach such as molecular dynamics simulations [46] [47] [48] [49] .
Dynamic friction and thermal force coefficients obtained with other formalisms
The above results are based on the effective binary interaction potential equal to the potential of mean force, as obtained through the HNC closure. One can also use older theories for the effective potential such as that by Debye-Hückel [50] and Paquette [51] . In Fig. 6 we compare A 12 and B (i) 1 for the 50:50 DT mixture obtained from the EPT, as described at the beginning of this section, with their counterparts obtained from these other formalisms. Generalized Coulomb logarithms are evaluated through gas-kinetic cross-sections as described in Ref. [30] and the transport coefficients are computed with formulas of the Appendix A. Also shown is the weakly coupled limit Γ → 0 considered in our earlier work [7] .
We see that the main trends in the dynamic friction and thermal force coefficients are in excellent agreement further supporting robustness of our conclusions. It should be noticed from Eq. (6), however, that collisional physics enters the momentum exchange not only through the dimensionless parameters A 12 and B (i) 1 but also through the collision frequency ν 12 . In turn, this frequency involves the generalized Coulomb logarithm Ξ 12 . As shown in our earlier work [52] , Ξ 12 obtained from the effective potential theory [30] give better agreement with the molecular dynamics simulations than that from the Debye-Hückel [50] and Paquette [51] formalisms. Hence, when evaluating physical observables, such as the momentum exchange or diffusive flux, the effective potential theory used in the present paper is preferable.
III. DISCUSSION
To understand the physics behind the dynamic friction coefficient becoming 1 for strongly coupled plasmas, we first discuss the physics that makes it less than 1 in the conventional plasmas. For this purpose we follow and adapt the arguments given by Braginskii to interpret the electron-ion friction in a simple plasma [35] . Braginskii first considered Maxwellian electrons drifting with respect to ions at the speed u ≡ u e − u i and defined the effective electron collision time τ e so that the electron-ion friction would write in a simple form without numerical factors, namely
with A ei = 1. As rigorous calculation showed, however, a numerical factor does need to be included: A ei = 0.51 for Z = 1, 0.44 for Z = 2 ... 0.29 for Z = ∞. This was explained by the Coulomb collision frequency scaling inversely with the cube of the particle velocity. When external force (e.g. the electric field) is applied to separate the species, the faster electrons gain a larger velocity shift than the slower. Consequently, the electron distribution is perturbed so that the faster electrons play a larger role on the average velocity u, making the friction coefficient smaller than for the uniformly shifted perfect Maxwellian. This qualitative picture applies to the friction between two weakly coupled ion species as well. Unlike the electron and ion densities in a simple plasma, which are constrained by quasi-neutrality, the ratio of the ion species densities in binary ionic mixtures can take an arbitrary value. This is why the electron-ion friction in a simple plasma is defined by a single numerical factor that depends on the charge number of the single ion species only, whereas a function of the relative species concentration A 12 (c) is needed to describe the friction between the ion species in a BIM. But, this function is still in agreement with the physical explanation above in that A 12 (c) ≤ 1 for all c as it is demonstrated by Fig. 1 of Ref. [7] . For a BIM with disparate ion masses, such as DKr, further insight from Braginskii's consideration can be derived. There, it is modifications to the light species distribution function that govern the dynamic friction, because velocities of the heavy ions are much lower, making the details of their distribution unimportant. In turn, when concentration of the heavy component is small, the distribution of the light species is close to Maxwellian since collisions within it dominate over collisions with the heavy ions. As a result, A 12 (c) should approach 1 together with c, as it is indeed recovered for the DKr case in Fig. 1 of Ref. [7] . For mixtures with closer ion masses, such as DT, modifications to both distribution functions contribute to A 12 and, at least for one of the species, this modification is substantial for any given c. Consequently, for weakly asymmetric weakly coupled ionic mixtures A 12 < 1 for all c.
So, while A 12 may become 1 even in the weakly coupled limit, it is only possible at a certain concentration in a largely asymmetric mixture. Furthermore, Braginskii's explanation seems to suggest that A 12 should be different from 1 as long as there is a non-trivial dependence of the collision frequency on the particle velocity, which remains true for the collision frequency (1) in coupled plasmas. The seeming contradiction between the newly obtained result and the Braginskii's qualitative theory may be resolved by comparing the plasma and collision frequencies for various coupling parameters.
We present such a comparison for the one-component plasma case in Fig. 7a , where
and Z α = 1 for simplicity. To make correspondence with the transport properties we also present in Fig. 7b the ratio of the third to the first order approximations for the ion viscosity η and heat conductivity λ. We see that, as the plasma undergoes transition between the weakly coupled and strongly coupled regimes, the collision frequency becomes three orders of magnitude closer to the plasma frequency to saturate at ∼ 10 −1 ω pα for Γ 1. For the same Γ the higher order approximations for transport coefficients become unnecessary and therefore corrections to the species distribution function -unimportant. The plasma frequency defines the fastest time scale for collective phenomena in a plasma and perturbations of the distribution function capable of contributing to transport are slower. One could then hypothesize that with ν αα reaching the 10 −1 ω pα ballpark such perturbations are mitigated by the collisions and plasma, once Maxwellized, remains Maxwellian. We also notice that the saturation observed in Fig. 7a may be explained by the same physics: assuming that the effective binary collision frequency ν αα is a proper description for the actual, many-body collisions in coupled plasmas, one should expect that ν αα cannot exceed a certain fraction of ω pα since these many-body collisions are also a collective plasma process. While one can look for alternative interpretations for the observed trend in A 12 , the very fact that within the EPT framework the role of the higher order corrections is diminished with coupling has been verified by calculating a number of different transport coefficients [38, 53] . These include the OCP viscosity and heat conductivity shown in Fig. 7b and, in particular, thermal force coefficient in a binary ionic mixture presented earlier in this article. Thermal force and closely related thermodiffusion are known to be higher order transport phenomena [32] [33] [34] . With the higher order corrections becoming insignificant one would thus expect thermal force and thermo-diffusion to vanish, as has been indeed recovered in Figs. 1b and 3b showing the coefficient B (i) 1 for the DT and D 3 He mixtures, respectively. For the DKr mixture, this trend has not be recovered fully. But this rather reflects a limitation of the EPT framework, preventing us from accessing the same coupling parameters for low-Z/high-Z mixtures, for which the saturation has been observed in low-Z mixtures.
The plasma diffusion can be driven by the gradients of the pressure, electrostatic potential and the electron and ion temperatures, as well as by the concentration gradient which acts to relax the concentration perturbation. In neutral gases, thermo-diffusivity is known to usually be substantially smaller than baro-diffusivity [22] . On the other hand, in our earlier work we demonstrated that in weakly coupled plasmas the former is comparable to, or even much larger than, the latter [7] . The present analysis suggests that in the strongly coupled plasmas the comparison may resort back to the familiar case of the neutral gas mixture diffusion. Assuming that spatial scales associated with the pressure and temperature profiles are similar, the newly presented result likely means that in strongly coupled inertially confined plasmas it is baro-diffusion, rather than thermo-diffusion, that would underlie diffusion-sensitive experimental observations. Authors would also like to thank the anonymous referee for suggesting the comparison with other theories; this paper is focused on coupling effects so comparison between our earlier, weakly coupled study [7] and the subsequent weakly coupled study [23, 24] appeared as a separate Note [26] . The work of GK was partially supported by the ASC Thermonuclear Burn Initiative and the work of JD was partially supported by the LDRD Grant No. 20150520ER. The work of SDB was supported by the U.S. Department of Energy, Office of Science, Office of Fusion Energy Sciences under Award No. DE-SC0016159.
Matrix elements in terms of the generalized Coulomb logarithms
It is convenient to introduceΞ
αβ . Then, elements of matrix ↔ M can be written as follows: for the first row of the uppermost leftmost block (i = j = 0, α = 1)
for the first rows of the remaining uppermost blocks (i = 0, 0 < j ≤ ξ − 1, α = 1)
and for all other elements
αβ are related to standard bracket integrals [34] so one can find A (l,k)
αβ with ν αβ defined by Eq. (2) and αβ with i, j ≤ 2 are thus sufficient for evaluating the first to third order Chapman-Enskog approximations to the transport coefficients.
Appendix B: Equation for the concentration evolution
In this paper we consider the ionic mixture only, electrons are assumed to provide the neutralizing background. Then, the complete expression for the diffusive flux of the light ion species has the form i = −ρD ∇c+k p ∇ log p i + ek
where Φ is the electrostatic potential accounting for the ambipolar field and p is the mixture pressure. The Landau and Lifshitz's "classical diffusion coefficient" D [54] on the right side of Eq. B1 is related to the ordinary diffusion coefficient D 12 of Ferziger and Kaper [34] , employed in the present work, through
and is also equal to the "binary diffusion coefficient" D 12 of Ferziger and Kaper.
On the right side of Eq. B1, the so-called baro-and electro-diffusion ratios, k p and k E , can be expressed through derivatives of the electro-chemical potential of the mixture [54, 55] . For non-ideal plasmas, their calculation therefore requires a separate, thermodynamic analysis which is not presented in this paper.
The kinetic analysis conducted in this paper is sufficient for the main conclusions such as that thermodiffusion diminishes for substantial ion couplings. For practical modeling of multi-component plasmas one would also need the thermodynamic terms. Then, the diffusive flux (B1) can be evaluated from the hydrodynamic variables and species concentration evolved with ρ ∂c ∂t + ρ u · ∇c + ∇ · i = 0,
where u is the center-of-mass velocity.
